We study the consequences of further modification of f (R, Rµν R µν , RµνσρR µνσρ )/f (R)-theories by means of the Dirac-Born-Infeld deformation procedure, which amounts to the replacement of f by λ( 1 + 2f /λ − 1) (the free parameter λ fixes an additional energy scale). We pay special attention to the definition of masses of the linearized propagating degrees of freedom since these are important to judge about the stability of the linearization around vacuum background spaces. In this context we discuss the subtleties associated with expanding f (R, Rµν R µν , RµνσρR µνσρ )-Lagrangians around maximally symmetric spaces of constant curvature, as well as with equivalence of the linearized Lagrangian to a scalar-tensor theory. Investigation of the consequences of applying the Dirac-BornInfeld strategy to further modify quadratic theories, on the stability of de Sitter vacuum, as well as its impact on the cosmological dynamics, is the main concern of this paper.
I. INTRODUCTION
Attempts to modify the Einstein-Hilbert (EH) action of general relativity (GR)
where R = g µν R µν is the Ricci curvature scalar, and Λ-the cosmological constant (κ 2 = m −2 P l = 8πG), have been motivated by a number of reasons. In particular, renormalization at one-loop demands that the Einstein-Hilbert action be supplemented by higher order curvature terms [1] . 1 Besides, when quantum corrections or string theory are taken into account, the effective low energy action for pure gravity admits higher order curvature invariants [3] .
More recently it has been suggested that the present cosmic speed-up could have its origin in -among other possibilities -corrections to the GR equations of motion, generated by non-linear contributions of the scalar curvature R in the pure gravity Lagrangian of f (R) theories [4] [5] [6] [7] . Solar system constraints on f (R) theories that are able to accommodate present accelerated expansion of the Universe, have been one of the most discussed subjects lately [8] [9] [10] [11] [12] [13] , see also [14] for an extensive review. Comparison of these theories with solar system measurements, relies on the weak-field limit expansion of the f (R) Lagrangian, and the consequent calculation of post-Newtonian contributions to the metric coefficients [8, 9, 11] . Nonetheless, even if f (R) theories were not a viable alternative to explain current acceleration of the expansion, their relevance to study early-time inflation [15] might fuel further interest in these alternatives to general relativity.
a Electronic address: iquiros@fisica.ugto.mx b Electronic address: lurena@fisica.ugto.mx 1 Higher order actions are indeed renormalizable (but not unitary) [2] ).
Next in degree of complexity are the so called f (R, R µν R µν , R µνσρ R µνσρ ) -f (R, ...) for short -theories [7, [16] [17] [18] [19] [20] . The gravitational spectrum of the linearization of these theories consists of a massless spin-2 graviton plus two additional gravitational propagating degrees of freedom: a massive spin-0 excitation, and a massive spin-2 propagating mode. The latter appears to be a ghost mode associated with the Weyl curvature invariant C 2 ≡ C µνσλ C µνσλ [16] [17] [18] . Notwithstanding, there are ways to overcome (or at least to smooth out) the consequences of the would be massive spin-2 ghost mode [19] .
There are additional ways to modify the EH GR action. For instance, the one based on the Dirac-BornInfeld (DBI) procedure for smoothing out singularities [7, 21, 22] . 2 According to this procedure the original Lagrangian density L = |g|L -whose singularities are to be cured -is replaced by one of the DBI form:
where the scale λ sets an upper bound to curvatures accessible to the theory. A combination of the above possible modifications, i. e., a DBI-type action containing an f (R, ...) function within the square root, i. e., a replacement of
in the action S ∝ d 4 x |g|f (R, ...), could supply an additional cosmological scenario where to look for alter-native explanations to several phenomena such as inflation and the present speedup of the cosmic expansion. Several theories of gravity of this kind have been proposed since long ago in [24] , and in more recent years, for instance, in [25] (see also [26] ). To be phenomenologically viable, non-linear modifications of general relativity have to satisfy several physically motivated requirements [25] : i) reduction to EH action at small curvature, ii) ghost freedom, iii) regularization of some singularities (as, for instance, the Coulomb-like Schwarzschild singularity), and iv) supersymmetrizability. Nonetheless, the latter requirement is quite stringent and, for most purposes, might be excluded.
Would further modification of f (R, ....)/f (R) theories of gravity, through the DBI deformation strategy (1), help surmounting the severe problems related with the presence of a multitude of instabilities within these theories? Would it modify the asymptotic properties of the cosmic dynamics? Aim of the present paper is, precisely, to investigate the consequences of applying the DiracBorn-Infeld procedure to f (R, ...) theories of gravityincluding f (R) gravity as a particular case -, regarding stability of de Sitter vacuum solutions, as well as its impact on the cosmological dynamics.
The paper has been organized as follows. In section II the subtleties associated with expanding f (R, ...) gravity theories about maximally symmetric spaces of constant curvature are discussed. This topic is central to judge about stability of the propagating degrees of freedom upon linearization. The equivalence of ghost-free f (R, ...) gravity to a scalar-tensor theory is demonstrated in the same section. Sections III and IV are devoted to study modifications of the stability properties of f (R, ...), and f (R) theories, respectively, after applying to them the DBI procedure. The consequences for the cosmological dynamics of DBI-modified f (R, ...)/f (R) gravity is the main concern of section V. The results of the present investigation are discussed in section VI, while the conclusions are given in section VII. An appendix with brief and concise tips on how to apply the dynamical systems tools, is included in the final section VIII.
II. EXPANSION AROUND MAXIMALLY SYMMETRIC SPACES OF CONSTANT CURVATURE
Here we try exposing the importance of considering a consistent expansion around maximally symmetric vacuum spaces of constant curvature of higher order f (R, ...) theories, to judge about stability issues. The results obtained can be applied also to f (R) theory as a particular case. In what follows, for simplicity of writing we use the following definition of variables X i = (X, Y, Z):
where R is the curvature scalar, R µν -the Ricci tensor, and R µνσλ -the Riemann tensor. In terms of these variables the Gauss-Bonnet invariant G and the Weyl invariant C 2 ≡ C µνϕλ C µνϕλ can be written as G = X 2 − 4Y + Z , and C 2 = Z − 2Y + 1 3
respectively. Combining these expressions one can get the following equalities that will be useful latter on:
We will consider pure gravitational actions of the following kind:
where
The following field equations can be obtained from the above action by varying with respect to the metric g µν [7] :
where, as usual, G µν ≡ R µν − g µν R/2 is the Einstein tensor, ≡ g µν ∇ µ ∇ ν is the D'Lambertian, and we have used the usual representation for symmetrization: T (µν) = (T µν + T νµ )/2. In the presence of matter these field equations amount to:
where 8πG
µν is the stress-energy tensor for matter, while T cur µν equals κ −2 times the right-hand-side (RHS) of equation (6) . The trace of equation (6) generates an additional constraint on the curvature:
Let us consider expanding the above action (5) around maximally symmetric vacuum spaces of constant curvature R = R 0 , i. e., we will Taylor expand f (X, Y, Z) in the neighborhood of the point (X 0 , Y 0 , Z 0 ) where
By using the equations (4) one can remove the variables Y , Z from the expansion, so that, finally:
As a check of consistency, notice that by taking into account the trace equation (8) , which in the present situation amounts to:
then the coefficient
This means that the definition of the cosmological constant Λ = −λ 0 /2α 0 (see below) leads to the expected result Λ = X 0 /4. As customary one can introduce, additionally, the following magnitudes:
so that (12) can be written in the following form:
(16) The gravitational spectrum of the corresponding linearized theory consists of a standard massless spin-2 excitation, plus a spin-0 mode of mass squared m (15) . The latter spin-2 excitation occurs to be a ghost, leading to non-unitary states upon quantization (otherwise unitary states of negative energy).
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A. Stability Requirements
Stability issues are central in the study of higher order modifications of general relativity, since these are plagued by several kinds of instabilities, some of which are catastrophic, leading to subsequent ruling out of the corresponding theories. Amongst these is the fundamental Ostrogradski instability, based on the powerful no-go theorem of the same name [27] : "there is a linear instability in the Hamiltonians associated with Lagrangians which depend upon more than one time derivative in such a way that the dependence cannot be eliminated by partial integration". This result is general and can be extended to higher order derivatives in general. As a consequence, the only Ostrogradski-stable higher order modifications of Einstein-Hilbert action are those in the form of an f (X) ≡ f (R) function [27] . This result alone might rule out any intent to consider higher order modifications such as quadratic ones, for instance. However, the subject is subtle and, in the last instance, consideration of such theories can shed more light on the stability issue. As an example, consider theories of the kind f (X, Y, Z) where the invariants Y , Z, enter in the same combination as in the Gauss-Bonnet invariant G, i. e., in the combination −4Y + Z. In this case, upon linearizing around maximally symmetric spaces of constant curvature, since f 0 Y + 4f 0 Z = 0, the massive propagating spin-2 ghost associated with the Weyl invariant decouples from the gravitational spectrum. Besides, the linearized theory can be recast into the form of an f (X)-theory (see Eq. (16)), so that it is also Ostrogradski-stable.
Another kind of catastrophic instability is the so called "Ricci instability" [11] , also known as Dolgov-Kawasaki instability [28] . For arbitrary f (X)-theories the analysis of Ricci stability has been generalized in [29] , while a consistent and simple physical interpretation has been given by the same author in Ref. [30] . According to the latter interpretation, assuming that the effective gravitational coupling 8πG ef f N ≡ κ 2 /f X (see Eq. (7)) is positive, then, since
for negative f XX < 0, the effective gravitational coupling G ef f N increases with the curvature, otherwise, at large curvature gravity becomes stronger, and since X itself generates larger and larger curvature through the trace equation Eq. (8), the effect becomes uncontrollably stronger because of an increased G ef f N . In other words, a positive feedback mechanism acts to destabilize the theory [11] . Hence, to avoid the "Ricci instability" it is necessary that f XX ≥ 0.
Other instabilities, such as those caused by the presence of a spin-0 tachyon degree of freedom are not of less importance. The latter instability is associated with negative values of the spin-0 mass squared m 2 0 in Eq. (15). Last but not least, there is an additional requirement that has not been discussed in detail in the literature. As seen from (16), the constant
XX is an overall factor that multiplies the linearized action (5), and, hence, it may change the sign of the action, otherwise, the sign of the effective gravitational coupling upon linearization. Therefore, if one considers f (X) theories; Ricci stability, absence of tachyon, and positivity of the effective gravitational coupling, are not independent requirements. Actually, in this case To summarize the discussion on the relevant stability requirements imposed on higher order curvature modifications of Einstein-Hilbert theory, here we list them:
• Ostrogradski Stability: The linearized f (X, Y, Z) theory should be expressible as an equivalent f (X)-theory. 4 This can be implemented if
• Ricci Stability:
• Absence of Tachyon Instability:
• Non-negativity of the Effective Gravitational Coupling:
Recall that, for an f (X)-theory, the last three requirements are not independent. It has been shown in Ref. [20] , that the gravity theory described by S ∝ d 4 x |g|f (X, Y, Z) is equivalent to a multi-scalar-tensor gravity with the scalar fields coupled to curvature invariants (R, C 2 , and G). The equivalent action, however, is still very complicated and not useful to study the particle spectrum of the theory [20] . An alternative is to start with the linearized action (22) . Actually, by introducing an auxiliary field ϕ, the latter action can be rewritten in the following form [20] :
4 Stated in this form Ostrogradski stability implies also, absence of spin-2 Weyl ghost propagating modes. and the following scalar field self-interaction potential has been introduced:
The metric g µν has been rescaled asḡ µν = e ϕ g µν ((∇ϕ) 2 ≡ḡ µν ∇ µ ϕ∇ ν ϕ). In what follows we consider that the ghost propagating mode associated with the Weyl squared tensor -last term in the above actiondecouples from the gravitational spectrum. Otherwise, we assume m (15)). The latter requirement is automatically satisfied if the invariants Y and Z enter in the function f (X, Y, Z) in the following combination: Z − 4Y , as, for instance, in the Gauss-Bonnet invariant G [26] (see also [19] ). As long as we will be concerned here with the mass of the scalar mode, this simplification will make easier further mathematical handling and physical interpretation of the results.
Looking at the potential (18) -where the cosmological constant has a non-vanishing contribution -and, since we started here with a linearization of the original theory and not with the theory itself, it might seem that the above equivalence among d 4 x |g|f (X, Y, Z) and (17) is not as strict as the similar equivalence between a given f (R) theory and a dual scalar-tensor theory. At least one expects that the mass of the scalar field can be modified by the would be ghost excitation, even if it is decoupled from the gravitational spectrum [17] . However, as we will immediately show, the equivalence is strict. Our argument will rest on the computation of the effective mass of the scalar field. For this purpose let us to rewrite (22) as an f (R) ≡ f (X)-theory (recall that we have set m −2 2 = 0):
It has been shown that, in the weak field limit, looking for small spherically symmetric perturbations around de Sitter space with constant curvature X 0 = R 0 , the effective mass of the scalar degree of freedom φ ≡f X in the equivalent scalar-tensor theory, is computed though the following equation (see, for instance, Ref. [11] ):
Hence, since forf (X) in (19) ; The above demonstration has several flags. Amongst them are the following: i) it rests on the weak field limit of the theory, and on a series expansion around maximally symmetric spaces of constant curvature, ii) it is based on a particular choice m −2 2 = 0. The former drawback is common to standard demonstrations of equivalence between a given f (R)-theory and its scalar-tensor dual, while the latter one is not really a flag, but a necessary condition for the absence of Weyl ghosts in general f (X, Y, Z)-theories.
C. Critical Comments
Here we will take a step aside, to discuss the importance of a careful and consistent investigation of the picture generated by the expansion around maximally symmetric spaces of constant curvature discussed above in this section, and the consequent calculation of the masses of the excitations associated with the linearized theory.
At this point the first topic we want to comment on is the one related with the lack of coincidence in the expressions one finds in the bibliography for the masses (squared) of the additional propagating spin-2 and spin-0 degrees of freedom m and Λ produce quadratic contributions only. This points to an inconsistency of the order of the expansion around background spaces of constant curvature R 0 considered therein. Notice that if the terms ∝ R 2 in the expression for m −2 0 in Ref. [26] are removed, the results are consistent with the ones reported above.
Another example is supplied by Ref. [19] . In that reference the authors show expressions for the coefficients Λ and m 2 is consistent with keeping only up to R 2 . The crucial point in this case is that, if in the expansion (9,10) one keeps all orders in R, i. e., up to terms ∼ R 4 -which is legitimate if one considers R ∼ 1 -then, not only the masses m 2 0 and m 2 2 will receive additional contributions but, at the same time, there will necessarily appear in (16) additional terms proportional to R 3 and R 4 of the following form:
where the coefficients are given by:
These additional contributions towards (16) are problematic and, as long as we know, their inclusion in the linearized action has not been investigated in detail yet, so that we do not really know how to deal with them. Notice, in between, that some expressions in [26] and in [19] coincide, while others do not.
To conclude these critical comments we want to underline that, in general, it is misleading keeping terms with order higher than R 2 in Taylor expansion, since, in particular, it arises an illusion that one can extrapolate the obtained formulas to get to qualitative conclusions about the behavior of the masses of the excitations at large R-s. As we have shown, this is a wrong procedure since the definition of the masses of the excitations is given following the study of the linearized action [16, 17] 
while consideration of terms ∝ R 3 , R 4 yields that the above linearized action is complemented with the addition of the terms in (20) . The actual situation is in fact a bit more dramatic; at large R-s the linearized action above is replaced by one of the following form:
where α, β, γ, δ, and µ are constant parameters. The latter action shares nothing in common with the linearized action above.
III. DIRAC-BORN-INFELD LAGRANGIANS
In this section we shall explore the consequences of applying the DBI strategy to f (X, Y, Z) theories, from the particular viewpoint of their stability properties. In this regard it is of prime importance to study the perturbations of the theory about background spaces of constant curvature. In fact it suffices to consider expanding the action
about maximally symmetric spaces of constant curvature
2 , and keeping up to ∼ X 2 ≈ X 2 0 . As discussed in section II, the latter is an independent requirement having nothing to do with the order of the expansion around X 0 , Y 0 , Z 0 . One obtains the following expression to determine the masses of the propagating spin-0 and spin-2 excitations (compare with Eq. (15)):
. (24) In the formal limit λ → ∞ -unbounded curvature -one recovers the known expressions for m Notice that, independent on the scale λ, the necessary condition to avoid the Weyl ghost is the same as before:
Z , so that the DBI modification plays no role in avoiding the occurrence of massive, spin-2 ghosts modes arising in non-linear theories of the kind f (X, Y, Z).
The expressions for the masses of the propagating linear modes are important since the stability of these modes depends crucially on their sign. Hence, in the first place, the DBI modification affects the stability properties of the gravitational spectrum of the propagating excitations. Under the DBI modification of the original f (X, Y, Z)-theory, the trace equation (14) is replaced by the following:
(25) Once again, for unbounded curvature λ → ∞, equation (14) is recovered. The above trace equation is usually an algebraic equation to determine the curvature X 0 of the maximally symmetric background space about which we are perturbing the original equations of the theory.
In the next subsections A and B, we investigate a couple of examples taken from the literature to illustrate the discussion above. In fact we shall examine only the absence of tachyon instability and of the Weyl ghost, which are just an aspect of the stability of these theories. Then, in subsection C, we discuss in more detail other relevant aspects of the stability issue, and apply the results to these examples.
A. Example I
Take as an example the f (X, Y, Z) theory studied in [19] (proposed in [7] in a cosmological setting):
where µ is a parameter with dimensions of mass, and n is positive. In the present example the trace condition (8) for a maximally symmetric space of constant curvature X = X 0 , amounts to
where we have introduced the parameter k ≡ a + b/4 + c/6. Hence, considering large or small curvatures is not at will. Actually, given a fixed set of overall parameters a, b, c, n, and µ, the value of the curvature R 0 is fixed through (27) , which is the unique root of the trace equation (14) for f (X, Y, Z) given by (26) . In this case, for the masses of the propagating excitations one obtains, according to (15) :
.
It is curiously enough that, in the present case, for the corresponding DBI modified theory (23), the expansion around spaces of constant curvature X 0 yields the same results for the masses of the spin-0 and spin-2 excitations as in Eq. (28) . 5 This means that, for the theory (26), up the given approximation, the stability of the perturbations is not affected by the DBI modification (23).
B. Example II
To illustrate how the DBI modification does evidently affect the dynamics, we choose a theory that fulfills the requirements to be phenomenologically viable, listed at the beginning of the section. It is based on the following DBI-type action, which represents a minimal deformation (a trivial change of signs only) of the one in [26] :
5 To be consistent with the order of the approximation, one has to neglect terms ∝ X 3 0 ∼ X 2 0 λ −1 and higher.
where λ = κ −2 = M 2 P l is the maximum curvature scale, while α, and β are overall constants. Notice that the "unmodified" action S ∝ d 4 x |g|f (X, Y, Z) coincides with the Einstein-Hilbert one, since the Gauss-Bonnet term X 2 − 4Y + Z contributes a total divergence that can be safely erased from the action. Hence, in the linearized approximation, there is only one massless spin-2 propagating excitation (properly the graviton), while the gravitational spectrum of the theory depicted by the action (29) , in the linearized limit, consists of a massless spin-2 propagating degree of freedom, and of a spin-0 (massive) excitation. Otherwise, it is properly a scalar-tensor theory of gravity. In this case the DBI procedure evidently affects the "unmodified" f (X, Y, Z) theory, even at the linearized level. The mass of the scalar degree of freedom in the linear approximation is given by (see Eq. (24)):
where we have dropped terms of order ∝ X 3 0 , κ 2 X 0 and higher. The value of the background curvature is a real root of the trace equation (25) . Notice that in the unbounded curvature limit κ 2 → 0 (λ → ∞), the mass of the scalar perturbation blows up and is negative, so that this limit, if it exist in the present theory, is largely unstable. Besides, in order for the theory (29) to be free of tachyon instability (negative m 2 -s), unless α is negative, the value of the background curvature is bounded from below
On the other hand, the constant α can not be negative because, in the low curvature limit, it modifies the sign of the the effective Newton's constant G = (8π)
P l . This demonstrates that the theory given by (29) does admit stable perturbations around maximally symmetric spaces of constant curvature (otherwise, it does admit stable de Sitter solutions), only for unnaturally small values of the constant α:
is the current value of the Hubble parameter), so that we are faced with a very serious problem of fine tunning. Although possible, this is a very unlikely scenario. Of course, the situation here is that the stability of the theory is very sensitive to the signs in (1, 23) . If one chooses an alternative deformation a la Dirac-Born-Infeld as it follows (compare with (1) or, equivalently, with (23) and note the change of signs):
then, after expanding the corresponding action around a maximally symmetric space of constant curvature X = X 0 , one is led to the following expression to determine the mass of the spin-0 excitation (compare with (24)):
In the theory with f (X, Y, Z) given by (29) , one obtains (compare with Eq. (30)):
where, as before, to be consistent with the approximation undertaken, we have dropped terms of order ∝ X 3 0 , κ 2 X 2 0 , κ 4 X 0 and higher. The tachyon instability is absent if either: i) X 0 < 1/3κ 2 α and, at the same time, X 0 < α/4κ 2 β, or ii) X 0 > 1/3κ 2 α and, at the same time, X 0 > α/4κ 2 β. The latter possibility is very unlikely to occur since, to obtain a stable scalar perturbation, the constant α has to be unnaturally small α ∼ βM −2 P l H 2 0 (see similar discussion above). The former possibility is indeed appropriate since it is compatible with a maximum curvature, as it is expected for DBI models. For α 2 > β, the limiting (larger available) curvature is
So, perhaps, the alternative DBI strategy (31) is more attractive than the first one (1) in the present case.
C. DBI Modification of Stability
Here, we will summarize the way the DBI strategy modifies the stability requirements listed in subsection A of section II for arbitrary functions f (X, Y, Z). For this purpose we write the two possible choices of the DBI modification in the following general form:
where ǫ = ±1 (ǫ 2 = 1). Written in this form, equation (34) comprises both: procedure given by Eq. (1) if one chooses ǫ = +1, and the alternative procedure given by Eq. (31) if one chooses ǫ = −1. The following relationships are useful to study the considered modifications of the stability:
where the DBI "boost" is defined as
Hence, after applying the DBI deformation to quadratic modifications of Einstein-Hilbert theory, the following modifications of the stability requirements occur (compare with similar requirements in subsection A of section II):
• Ostrogradski Stability: The same as before, i. e., it is unaffected by the DBI procedure
• Non-negativity of the Gravitational Coupling:
Additionally it is required that the DBI boost be a real quantity, i. e.,
Notice that, in the formal limit λ → ∞, the above requirements on the stability coincide with the ones in section II A. Let us to check the theory (26) [19] , regarding other, perhaps more restrictive, stability criteria. For instance, since in order to avoid propagating Weyl ghosts b = −4c ⇒ k = a − 5c/6, then
therefore, for the space of parameters allowed by the observations, the theory of Ref. [19] is Ricci unstable, so that it develops ghosts. This argument might be enough to rule out this theory. Next see what happens if we modify it a la Dirac-Born-Infeld. Would it be yet Ricci unstable? After applying the DBI deformation procedure (34), the above condition on f XX translates into the following bound:
wherek ≡ (2n + 1)a + 5c/6. For small X 0 ≪ λ, we have
which is consistent only for DBI embedding with ǫ = +1. Notice that in the formal limit λ → ∞ the above bound can not be satisfied and we get again a Ricci unstable theory. For the opposite embedding, i. e., ǫ = −1, the only way to achieve Ricci stability, is that X 0 > λk/(n + 1)a, leading to the following constraint:
In this case, λ is not an upper curvature bound any more, and the original motivation of the DBI strategy is lost. We see that the DBI modification strategy indeed modifies the Ricci stability criterion as well, making a originally Ricci unstable theory, a stable one.
IV. DBI DEFORMATION STRATEGY APPLIED TO f (R) THEORIES
We have seen how the application of the DBI procedure -both variants: (1), and (31) -actually modifies the stability properties of f (X, Y, Z) gravity theories 6 . Even the gravitational spectrum of the theory is altered if one follows this strategy with a class of theories given by f (X, Y, Z) = X +αG (these include the particular case α = 0). Here we will be concerned with possible modifications of the stability of de Sitter backgrounds in the simpler f (X)(or f (R)) gravity. In what follows, just for homogeneity of writing, we keep the variable X instead of R, although both will be used interchangeably. Besides, for generality of the discussion we will consider the DBI deformation procedure given in Eq. (34) . The field equations that can be obtained from an action principle, the action being:
where S (m) is the action of matter, and ψ -the collective name for the matter degrees of freedom, can be written in the following form:
where the comma denotes derivative with respect to the curvature X, and we have introduced the following definition of the effective curvature tensor:
The trace of Eq. (36) amounts to an additional constraint on X:
If one expands the action (35) -considering vacuum background, i. e., S (m) = 0 -around maximally symmetric spaces of constant curvature X = X 0 , just as it has been done in section III, then one obtains:
and
6 This is the usual case in DBI modifications, see [35] for an example of a DBI-modified cosmological scalar field.
The gravitational spectrum consists of a massless spin-2 graviton, and a massive spin-0 propagating degree of freedom, with mass squared m 2 0 . In this case, the trace equation (38) translates into an algebraic equation to determine X 0 :
As it has been already explained, requirements of Ricci stability, absence of tachyon instability, and nonnegativity of the effective gravitational coupling are not independent requirements in the present case, so that one has to check only two of them, for instance, Ricci stability, and non-negativity of the gravitational coupling:
The same linearization around vacuum backgrounds with constant curvature, when applied to f (X) gravity which has suffered further DBI deformation given by Eq. 
while the trace equation (41) translates into the following equation:
Therefore, the stability criteria (42) translate into the following requirements:
In what follows we will explore the consequences for stability of -constant curvature -vacuum background linearization, of applying the DBI procedure given by Eq. (34) to f (X) theories of gravity. We plan do that by working out two examples taken from the bibliography.
A. Example I
We start the study of the possible modification of the stability of (constant curvature) vacuum background linearization of f (X) theories -which have been further modified according to the DBI deformation strategy -, by choosing the model of reference [6] , that is given by:
where µ is a suitably chosen parameter. A check of the stability criteria (42) shows that
is negative, which means that the model suffers from Ricci scalar instability [28] [29] [30] (see also [11, 31] ). Nonetheless,
so that positivity of the effective gravitational coupling is guaranteed. As a consequence (see the definition of the spin-0 mode mass squared in Eq. (40)), the model suffers also from the scalar tachyon instability. As explained before, the Ricci instability is enough to rule out the model since this type of instability develops very quickly. What one should expect from applying the DBI strategy in this case? The answer can be based on the analysis of the DBI modification of the stability criteria in Eq. (45). According to these, the Ricci stability bound is given, in the present case, by the following constraint:
For small curvature X n+2 0 ≪ λµ 2(n+1) , the above constraint simplifies
so that for the DBI embedding with ǫ = −1, whenever X n+1 0 < µ 2(n+1) /2, this bound is always satisfied. Besides, if in order to simplify the analysis, one assumes that X 0 ≪ µ 2 , then, the criterion requiring non-negativity of the effective gravitational coupling upon linearization, can be written in the form of the following bound:
which for the ǫ = −1 embedding is always satisfied. Therefore, the DBI deformed theory is not only Ricci stable, but also, it is free of scalar tachyon instability.
B. Example II
Our next example also reflects the consequences of applying the DBI deformation procedure (34) . Let us consider the following f (X) gravity theory [32] :
where, to be compatible with observations 0 < n ≤ 0.25, and µ is a sufficiently small parameter (µ ∼ 10 −50 eV ) [33] . If one linearizes the corresponding action S ∝ d 4 x |g|f (X), then one finds that the mass of the spin-0 excitation Eq. (40), in the present case is given by:
so that, for positive n-s within the range where the model is compatible with the observations (see above), a tachyon instability develops (m 2 0 < 0). Notwithstanding, since in this case, for the mentioned range of parameters compatible with observations
then the model is Ricci stable. One might think that a large enough time to develop the tachyon instability could make the theory compatible with the cosmological dynamics. However, the very tricky situation with this model, comes, precisely, from the fact that Ricci stability, absence of tachyon instability and non-negativity of the effectve gravitational coupling are not independent requirements. In this particular case (Ricci stable, but with tachyon instability), the effective gravitational coupling is negative, which is catastrophic for this model, and it has to be ruled out. Would replacement of f (X) by ǫλ( 1 + 2ǫf (X)/λ−1) save the model? Let us start by checking Ricci stability. In this case, since µ 2 is small enough, one might consider two important limiting situations to simplify the analysis. Assume first that X 0 ≫ µ 2 , so that the Ricci stability bound in (45) can be written as
which is satisfied only for the DBI embedding with ǫ = +1. Now assume a different limit, X 0 ∼ µ 2 . In this case, the above bound may be written in the form of the following constraint:
where the constant p ≡ 1 + n(1 − n) 2 − 2n(1 − n)(2 − n) is positive for the range of parameters allowed by the observations. This means, once again, that the only DBI embedding that is enable to save the Ricci stability is the one with ǫ = +1. The next step is to check for non-negativity of the effective gravitational coupling. In this case, for the limiting situation when X 0 ≫ µ 2 , the criterion of non-negativity of the effective gravitational coupling in (45) amounts to the following inequality:
, which is obeyed whenever ǫ = +1 as it should be according to the previous results on Ricci stability. If one considers, instead, the limiting situation when X 0 ∼ µ 2 , one obtains that the effective gravitational coupling is non-negative if
where the constants k ≡ 1 − n(1 − n)(2 − n), and l ≡ 2(1 − n)(1 + 3n − n 2 ) − n(1 − n) 2 (4 − n), are positive for the range of parameters allowed by the observations. Hence, once again, the bound is satisfied if ǫ = +1.
We have seen that, in general, the DBI strategy to modify f (X) theories can help avoiding either ghosts or the tachyon instability or, it can even help avoiding both simultaneously. For Lagrangians where the quadratic contributions come with inverse powers of the curvature, the correct DBI embedding is the one with ǫ = −1, while for quadratic contributions proportional to positive powers of the curvature, the correct embedding is the one with ǫ = +1. In the next section we will study the modifications to the cosmic dynamics caused by applying the DBI strategy to f (X, ...)/f (X)-theories.
V. COSMOLOGICAL CONSEQUENCES OF APPLYING THE DBI STRATEGY
In this section we will explore the impact of applying the DBI procedure -both possibilities: (1, 23) , and (31) -on the cosmological dynamics of f (X, ...)/f (X) gravity theories. Due to their simplicity, we focus the discussion in f (R) gravity theories exclusively. For the study of the impact of the DBI strategy applied to f (X, ...) theories, we refer the reader to the paper [34] , where this issue has been investigated in detail, for the case when the above deformation procedure is applied to theories of the kind f (X, G). We choose the Friedmann-RobertsonWalker (FRW) metric as a local description of spacetime at cosmological scales (for simplicity, without loss of generality, we consider FRW spaces with spatial sections of constant curvature):
For a discussion of the subtleties associated with the validity of the Ehlers-Geren-Sachs theorem [36] on the identification of FRW spacetime with our universe, as a consequence of the high degree of isotropy of the cosmic microwave radiation, we refer the reader to [11] and linked references therein.
Inserting this choice of the metric into the field equation (36) , and assuming a perfect fluid stress-energy tensor
where u µ is the fourth-velocity of an observer co-moving with the fluid, ρ m and p m being the energy density and the pressure of the fluid, respectively, to describe the macroscopic behavior of matter, one obtains the following cosmological equations:
where the effective (parametric) energy density ρ cur and pressure p cur of the effective "curvature" fluid, are given by:
respectively. As it is clear from going to the limit ρ m → 0 in the first equation in (50) -properly the Friedmann equation -, the effective energy density ρ cur can not be negative [11] . It can be defined also an effective equation of state (EOS) parameter w cur ≡ p cur /ρ cur in the following way:
from which one may see that the vacuum value w cur = −1 is attained whenever
de Sitter solutions trivially satisfy this equality, but there is a class of non-de Sitter solutions for whichḟ ′ ∝ a(t) which also satisfy the above equation.
Under the replacement (34),f ′ ,ḟ ′ , and f ′ , transform like:f
respectively, where Γ = (1 + 2ǫf /λ) −1/2 . Hence, the effective energy density and pressure of the "curvature fluid" (Eq. (51)), will be replaced by very complicated expressions. For that reason, to simplify the analysis, we will operate in a different, yet equivalent, way: we keep equations (50), (51), (52), valid for somef ǫ (X), such that
where f (X) is the original, unchanged function, whilē f ǫ (X) will be the DBI modified one. Otherwise, to look for the impact of the DBI modification strategy on the cosmic dynamics of f (X) models, one has just to replace f (X) →f ǫ (X) in the mentioned equations. In the next subsection we will investigate the dynamics of given f (X) models, to uncover the way the DBI procedure operates to modify it. In what follows, for simplicity, we will consider pressureless dust matter as the background fluid, i. e., p m = 0.
A. Dynamical Systems Study
Now, since finding exact solutions of the equations (50) is in general a very difficult task, we will rely on the dynamical systems tools to investigate the asymptotic structure of the f (X) models of interest, instead. To this end we will apply the concise recipes given in the appendix (section VIII). The goal will be to write the system of cosmological equations in the form of an autonomous system of ODE (as described in the appendix), so that one could associate such important dynamical systems concepts as past and future attractors (also saddle equilibrium points), with dynamical configurationssolutions -of the models. This is a powerful approach to uncover the most generic classes of solutions that are allowed by them. In order to build an autonomous system of ordinary differential equations (ODE) out of (50,51), following [32] , we introduce the following dimensionless variables:
In terms of these variables the Friedmann equation (first equation in (50)) can be written in the form of the following constraint:
where we have conveniently defined an "effective" dimensionless matter energy density parameterΩ m , which, thanks to the f ′ function entering in its definition, might be, in principle, any sign, i. e., either positive or negative, without entering in conflict with standard physical requirements. Particular properties of a given model are encoded in the last term in the RHS of Eq. (55). In fact, not all of the variables of the phase space needed to describe the dynamics of a given model have been defined yet. This requires knowledge of the concrete model. Other general, useful expressions are
The phase space variables x, y obey the following autonomous system of ODE:
where, as customary, we have introduced the timeordering variable τ = ln a -basically the number of efoldings. Depending on the concrete model, new variables have to be introduced and, as a consequence, the above equations have to be complemented with the addition of new ones (one per each new phase space variable).
The particular properties of a given model enter in equations (57) through the terms dX/6H 2 dτ andΩ m (see Eq. (55)). Now we are in position to study a concrete model.
Although, in general (n = 1), it does not contain Einstein-Hilbert gravity as the low curvature limit (as it should be), the above model is simple enough, and has been formerly studied, for instance in [32] (IJMPD). The related model f (X) = X + µX n -also studied in [32] (PRL) -is a bit more realistic, yet much more complicated from the point of view of its asymptotic properties. However, the real complexity arises when one tries to study the dynamics of its DBI deformation. This will deserve a separate publication. That is the reason why we have not included this toy model as an example in this subsection.
In the model f (X) = µX n , µ and n are the overall free parameters. In this case, since f /f ′ = X/n, hencê
Besides, sinceḟ
Using the above relationships, one can write (57) in an explicit form:
The above is a closed system of ODE, and one does not need more variables to describe the phase space dynamics, otherwise, the autonomous system (58) is defined within the following (open) 2-dimensional phase space:
The latter bound is justified only if one assumes the parameters µ and n to be both positive magnitudes, so that f ′ is always non-negative. Other two magnitudes of immediate physical (and observational) meaning are, the deceleration parameter q = 1 − x, and the effective equation of state parameter of the "curvature fluid"
The critical points P i = (x i ,ȳ i ) of the autonomous system of ODE (58), together with their relevant properties, are listed below:
1. Curvature-dominated equilibrium point P rad = (0, 1), associated with decelerated peace of expansion. The "curvature fluid" mimics radiation. This critical point is characterized by the following values of the relevant parameters:
The eigenvalues of the corresponding linearization matrix are (see the appendix)
For 1 < n < 5/4 the point P rad is a future attractor (not adequate to the present cosmological paradigm). Otherwise, P rad is a saddle equilibrium point.
The critical point
Here we will consider only positive scalar curvature.
is associated with matter-curvature scaling. It is characterized by the following values of the relevant physical parameterŝ
while the eigenvalues of the corresponding linearization matrix can be written, in compact form, as it follows:
, where s ≡ 81 + 710n 2 − 420n + 121n 4 − 492n 3 . The above point exists, i. e., it belongs in the phase space, whenever 0.35 < n < 1.3. In other words, for n-s within the latter narrow interval,Ω m ≥ 0. Besides, for the allowed range of the parameter n, q > 0 always, so that P m−c is associated with decelerated expansion. For 0.35 < n < 0.38, and 1 < n < 1.22, the equilibrium point P m−c is a saddle critical point, while for 0.38 < n < 1, it is a stable spiral (future attractor). In the latter case, since q > 0, the model is not suitable to accommodate the present cosmological paradigm.
3. The curvature-dominated critical point (Ω m = 0):
is characterized by
and the following eigenvalues of the Jacobian matrix are obtained:
The point P c−d can be associated with accelerated expansion for the following ranges of the free parameter n:
i. e., practically for all of the real segment (but for a very narrow interval). Meanwhile, the above eigenvalues are both simultaneously negative for the nrange: 5/4 < n < ∞. In other words, the (almost every where within the n-interval) inflationary equilibrium point P c−d is stable -a future attractor -but for the narrow interval 0 ≤ n < 5/4. For the particular value n = 2, since x = 2 ⇒ H = 0, this equilibrium point is associated with a de Sitter solution.
Notice that, given a value of the variable y =ȳ i in a critical point P i = (x i ,ȳ i ), then, due to the definition of this variable, one can write the curvature scalar X as a function of the scale factor
where M and X 0 are integration constants. Hence, for instance, for the critical point P c−d ,
This means that, for
the scalar curvature decreases with the expansion of the universe, while, for
the curvature unboundedly grows as the expansion proceeds, thus mimicking phantom behavior as a mere curvature effect.
In general, the above results coincide with those in [32] , but for the point associated with the so called by the authors "φ matter dominated epoch" (their point C), which, in our study corresponds to the equilibrium point P rad , where the non-linear curvature effects mimic radiation. Besides, several expressions for the matterscaling solution -solution B in [32] -do not coincide with ours. Even if the authors of Ref. [32] chose a different phase space variable
2 ), nonetheless, the results should coincide. It seems to us that the variable x 2 in [32] is a bad choice after all. Actually, in the first stages of the study published in Ref. [34] , we started by using x 2 as one of the phase space variables. Unfortunately, a problem arose: the limit in which the unmodified f (X, Y, Z) is recovered from its DBI modificationf (X, Y, Z) was not obtained! We were then forced to renounce to the variable x 2 . This was, precisely, the motivation to use a different variable in [34] , and in the present investigation as well. We recognize that this is a tricky situation, and that an independent investigation of the nature of this inconsistency is necessary, but this is behind the scope of the present paper.
C. DBI Modification of the Dynamics
In the present subsection we aim at investigating the way the above dynamical systems picture is affected by the Dirac-Born-Infeld strategy. Recall that, in order to consider the DBI modifications to the model in the above subsection (f (X) = µX n ), in the equations (54-57) one has to replace (54-57) )
etc.
The first consequence of the DBI modification of f (X) = µX n , is that the system of ODE (57) is not a closed one, so that, in addition to the variables
one has to consider the new phase space variable
Hence, for instancef
where β = β(x, y, z) ≡ 1 + 2x n /z. It is also verified that
After appropriate algebraic manipulations one obtains the following autonomous system of ODE for the DBI modified version of the model f (X) = µX n :
where nowΩ
The corresponding (open) 3-dimensional phase space where to look for critical points of the above system of ODE, can be defined as
The latter bound comes from requiring that β 2 ≥ 0, while the former oneΩ m ≡ κ 2 ρ m /6H 2f ′ ≥ 0, is justified only if Results of the numerical investigation corresponding to the equilibrium point P * in subsection C of section V. The values of the free parameter n are approximately concentrated within the range 2 < n < 3, since, for other values, the effective dimensionless energy density parameterΩm is negative, meaning that the corresponding point does not belong in the phase space. The value n = 1 is an isolated one. For n = 3, P * is a non-hyperbolic critical point. 
the free parameters (µ, n), are both positive magnitudes. In fact, sincef ′ = β −1 f ′ , then, as long as f ′ ≥ 0 (which is true only for positive (µ, n) as noted above), hencef ′ is also non-negative.
Notice that all of the equations and expressions in the unmodified case f (X) = µX n -studied in the former subsection -are recovered from the ones above, in the limit z → ∞. Actually, in this limit:
while, since, up to second order in Taylor expansion
The relevant equilibrium points of the autonomous system of ODE (60) are listed below, and their main properties are also shown.
1. The inflationary, curvature-dominated, de Sitter equilibrium point in the phase space Ψ (see the definition above),
is characterized by the following values of the parameters of observational interest:
The eigenvalues of the Jacobian matrix corresponding to P dS are
so that it is always the late-time attractor, independent of the value of the free parameter n. In this case the effective "curvature fluid" behaves as vacuum energy -properly, as a cosmological constant.
2. A twin -also inflationary -de Sitter state in the phase space, corresponds to the point
where k ≡ √ 1 + n2 n+1 . As for its twin-solution above, for this equilibrium point one obtains that
This time the magnitudes of the eigenvalues are given by extremely huge (and complex) expressions, so that, in their place, we decided to present the results of a numerical study for several values of the parameter n instead. These results are shown in Tab. I. As seen, P tw can be either a saddle critical point, or an stable spiral. In the latter case P tw rivals with its twin-solution P dS : two late-time attractors co-exist, a feature also found in the study presented in [34] . In the former case, due to its transient character, the solution P tw could serve as an alternative explanation to primordial (earlytime) inflation.
3. There is another equilibrium point P * = (x,ȳ, 0) , wherex =x(n) andȳ =ȳ(n) are complicated functions of the parameter n. The corresponding expressions forΩ m =Ω m (n), w cur = w cur (n) and q = q(n), are also bizarre huge expressions of the argument n. That is the reason why we present only a numerical investigation of the properties of this equilibrium point (the results are displayed in Tab. II). In general, whenever it exists, P * is a spiral saddle point, but for n = 1 (see the discussion below), and for n = 3, where it is a nonhyperbolic point. For the particular, isolated, value of the free parameter n = 1, one has P * = (0, 1, 0), andΩ m = 0 (curvature-dominated phase). Besides, since w cur = 1/3, the curvature behaves as a radiation fluid, favoring decelerated expansion (q = 1). This time, since the eigenvalues of the Jacobian matrix are of different signs:
then, this phase represents a saddle equilibrium point in the phase space. For other values n ± δn in the vicinity of n = 1, sinceΩ n is negative definite (Ω n < 0), then the point P * does not belong in the phase space Ψ (see the definition above). The delicate situation with this equilibrium point is associated with the fact that, since z = 0, then, either µ → ∞, or H 2 → ∞. While the former case is not of physical interest, the latter one leads to states of unboundedly large curvature (perhaps a singularity). As long as P * is a saddle point, which means, in turn, that the corresponding state can be only asymptotically approached by the system, this is not catastrophic.
In general, since at a given equilibrium point P = (x,ȳ,z),ȳ = −ḟ ′ /Hf ′ , then, one can write the following integral in quadratures:
where C 0 is an integration constant. Once the above integral is computed one gets a = a(X). Hence, by inverting the latter function (whenever the inverse exists), one can write the scalar curvature as a function of the scale factor X = X(a). Worth noticing that, while for the unmodified f (X) = µX n -theory the case with n = 1 is just EinsteinHilbert gravity with only one critical point: the matterdominated solution associated with decelerated expansion, for its DBI-dualf (X) there are found: i) the inflationary de Sitter late-time attractor (critical point P dS ), ii) the -also inflationary -de Sitter twin state (point P tw ); a saddle in the phase space, and, iii) the point P * -associated with a decelerated expansion-phase -where the non-linear curvature effects mimic radiation. The latter being also a saddle point in Ψ.
Although for other values of the parameter n, the effects of the DBI modification are not so spectacular as for n = 1, nonetheless, these are appreciable. In particular, i) the co-existence of two inflationary future attractors (equilibrium points P dS and P tw ) for given values of the free parameter n, and, ii) the chance to explain, in a united picture, primordial and late time inflation as originated by the non-linear effects of the curvature, otherwise.
VI. DISCUSSION
It is known since long ago, that quadratic (higher-order in general) modifications of general relativity are plagued by instabilities. Amongst them, we can name, the Ostrogradski, Ricci and tachyon instabilities, and the presence of Weyl ghosts -also known as poltergeist, etc. To the list here we added the requirement of non-negativity of the effective gravitational coupling upon linearization, a subject that has not been much discussed in the literature, but, as we have shown in subsection A of section II, is of not less importance than the other kinds of catastrophic diseases of quadratic theories. Actually, linearization of an f (X, ....)-theory around vacuum, maximally symmetric spaces of constant curvature X 0 , leads to multiplication of the coupling constant 1/2κ
2 by an overall factor α 0 ≡ f 0 X − X 0 f 0 XX , which, in general, is not restricted to be positive. For the particular case of an f (X) theory, Ricci stability, absence of tachyon instability, and nonnegativity of the effective gravitational coupling, are not independent requirements. Hence, for instance, a Ricci stable f (X)-theory with positive effective gravitational coupling upon linearization, is also free of tachyon instability. Usually, for most f (X, ...)/f (X)-theories found in the literature, not all of the above mentioned instabilities are surmounted at once. For instance, f (X, Y, Z) theories where the invariants Y and Z enter in the combination Z − 4Y (like in the Gauss-Bonnet invariant), are poltergeist-free, while their linearization is also Ostrogradski stable. However, in general, these are either Ricci unstable, or have a scalar tachyon instability, or both. This is not to speak about positivity of the effective gravitational coupling upon linearization. Strictly speaking, most one can expect is to avoid really catastrophic instabilities such as the Ostrogradski and Ricci ones, and, after our results, also to allow for a positive definite effective gravitational coupling. Hence the question: does further modification of quadratic theories really matter?, in particular the one that gives name to the present paper: does Dirac-Born-Infeld modification of quadratic theories really matter?
The results discussed in this paper suggest that, although the DBI deformation does not affect the Ostrogradski stability, other important instabilities such as the Ricci and tachyon ones are indeed surmounted after applying the DBI modification procedure to the original theory. Sometimes this is achieved at the cost of renouncing to the original motivation of the DBI strategy itself: to avoid singularities. Next one has to care about a by-product of the DBI deformation: its impact on the cosmic dynamics. It is for sure that the DBI modification also affects the dynamics, since the replacement f → ǫλ( 1 + 2ǫf /λ−1), inevitably affects the field equations. In terms of variables of the phase space this is quite clear: as a first visible effect, due to the introduction of a new energy scale λ, the DBI procedure increases the dimension of the phase space.
9 Hence, the question now is: would the effect of the DBI modification broaden the possibilities of a given model to do cosmology, or would it favor the contrary effect? To answer to this question, since finding exact solutions to the modified cosmological equations is bizarre difficult, one can rely on the tools of the dynamical systems. In this regard, knowledge of the equilibrium points in the phase space corresponding to a given cosmological model is a very important information since, independent on the initial conditions chosen, the orbits of the corresponding autonomous system of ODE will always evolve for some time in the neighborhood of these points. Besides, if the point were a stable attractor, independent of the initial conditions, the orbits will always be attracted towards it (either into the past or into the future). Going back to the original cosmological model, the existence of the equilibrium points can be correlated with generic cosmological solutions that might really decide the fate and/or the origin of the cosmic evolution. In a sense the knowledge of the asymptotic properties of a given cosmological model is more relevant than the knowledge of a particular analytic solution of the corresponding cosmological equations. While in the later case one might evolve the model from given initial data giving a concrete picture that can be tested against existing observational data, the knowledge of the asymptotic properties of the model gives the power to realize which will be the generic behavior of the model without solving the cosmological equations. In the dynamical systems language, for instance, a given particular solution of the Einstein's equations is just a single point in the phase space. Hence, phase space orbits show the way the model drives the cosmological evolution from one particular solution into another one. Equilibrium points in the phase space will correspond to solutions of the cosmological (Einstein's) equations that, in a sense, are preferred by the model, i. e., are generic. The lack of equilibrium points that could be correlated with a given analytic solution of the model, amounts to say that this solution is not generic, otherwise it can be attained under a very carefully arrangement of the initial conditions only.
As an example, to illustrate the spectacular effect of the DBI deformation procedure on the cosmic dynamics generated by arbitrary gravity theories, let us consider general relativity, i. e., we take the Lagrangian density 2κ 2 L g = |g|X, which is a particular case of the theory f (X) = µX n studied in subsection B of section V. Before going into the details of the modification of the asymptotic properties of this theory, by the effects of its DBI deformation, we have to briefly discuss about the stability of the linearization of the theory, around vacuum, maximally symmetric spaces of constant curvature, since this topic is central both, to discuss about the physical content of the theory, and to study its weak field limit. To start with, while the massless graviton is the only propagating linearized degree of freedom in general relativity, the linearized gravitational spectrum of its DBI-dual
consists of the massless graviton plus a spin-0 massive propagating mode. We know, however, that this is also an achievement of f (X) modifications of general relativity, so that, this was, in fact, an expected effect. To see the advantage of DBI-f (X) ≡f (X) over just f (X), consider the simplest "power-law" modification of general relativity f (X) = µX n (µ, n ≥ 0). When linearized around vacuum, maximally symmetric spaces of constant curvature X 0 , the mass squared of the spin-0 propagating mode is given by
while the Ricci stability requirement, and positivity of the effective gravitational coupling, amount to
, respectively. One sees that: i) for 0 < n < 1 the model is Ricci unstable, shows scalar tachyon instability, and is unphysical, due to negative effective gravitational coupling, ii) for 1 < n < 2 the model is stable and physical, while iii) for n > 2, it is Ricci stable, but develops scalar tachyon instability, and is unphysical due to negative coupling. Hence, the only physically meaningful range of the free parameter n is 1 < n < 2. For its dual DBI-f (X), orf (X) theory, one can check that the mass squared of the scalar degree of freedom upon linearization can be written as follows:
while Ricci stability and positivity of the effective gravitational coupling, are now given by For the ǫ = +1 DBI embedding, the latter bound is always satisfied, while for ǫ = −1, it is satisfied whenever X λ µ , 0 ≤ n ≤ 1 ,
We see that, in both cases: ǫ = ±1, the range of the parameter n where the the theory is Ricci stable and physically meaningful (and consequently, also free of tachyon instability), is wider in the DBI-dualf (X) with respect to the f (X) modification of general relativity. Now we are in position to discuss possible modifications of the cosmic dynamics by the DBI procedure. Going back to general relativity f (X) = X, the only equilibrium point in the phase space, is the one associated with matter dominance, where the peace of the cosmic expansion is decelerating. The phase space structure of its DBI-dualf (X) = ǫλ( 1 + 2ǫX/λ − 1), is in fact, more complex and rich. Actually, according to the results presented in subsection C of section V, there are found 3 equilibrium points: i) the inflationary de Sitter attractor P dS = (2, −1, −4) (Ω m = 0, w cur = −1, q = −1), ii) the "twin" inflationary (de Sitter) solution P tw = (2, 0, −(5 − √ 5)/2), and iii) the "radiation"-like critical point P rad = (0, 1, 0) (Ω m , w cur = 1/3, q = 1), associated with decelerated expansion of the universe. The last two points P tw and P rad , are saddle equilibrium points in the phase space. An interesting feature of the modifiedf (X)-theory, is associated with the existence of the inflationary (de Sitter) solutions P dS , and P tw . Both differ in their Hubble rates of expansion. Actually, since µz = ǫλ(6H 2 ) −n , then, for P dS we have that
while, for P tw :
Notice that the above solutions exist only for the ǫ = −1 DBI embedding. It is clear that, thanks to the existence of P dS and P tw , there is room in the modifiedf (X)-theory to explain, in a united way, primordial inflation (saddle equilibrium point P tw ), and the present stage of the cosmic speedup (late-time attractor P dS ). According to this picture, both inflationary stages have their origin in the non-linear curvature effects. The fact that the primordial inflation is associated, in this case, with a saddle equilibrium point, explains in a natural way the exit from inflation as due to the (in)stability properties of the corresponding solution. We have to underline, notwithstanding, that this is just a toy model that might not be capable of accommodating the existing amount of observations. In particular, this objection is obvious in what concerns to the formation of structure, since there are no equilibrium points that could be associated with matter dominance.
VII. CONCLUSIONS
In this paper we have performed a thorough investigation of the effects of applying the Dirac-Born-Infeld strategy to quadratic modifications of gravity. We paid special attention to the subtleties associated with linearization of these theories, as well as of their DBI-duals, around vacuum, maximally symmetric spaces of constant curvature, an issue that is central to discuss about the weak field limit, as well as on the physical content of these theories. We have shown, in particular, that one aspect to take into consideration under the above linearization procedure, is the check of the positivity (non-negativity) of the effective gravitational coupling. A theory whose linearization fails to give a positive (effective) gravitational coupling, is devoid of physical meaning. For the particular case of f (R) theories, Ricci stability, absence of tachyon instability, and positivity of the effective gravitational coupling upon linearization, are not independent requirements. It has been demonstrated, also, that the severe instabilities inherent in quadratic modifications of general relativity, can be surmounted -at least smoothed out -by considering their DBI-duals. This achievement is, in some cases, at the cost to renounce to the original motivation of the DBI deformation strategy: to remove singularities.
An important focus of this paper has been the study of the modifications carried on the asymptotic properties of quadratic gravity by the DBI procedure. By applying very simple recipes of the dynamical systems, it has been demonstrated that the structure of the phase space is, in fact, modified by the DBI deformation strategy. The dimension of the phase space is increased, which means, in turn, a richer asymptotic structure. Even if, in many cases, the results are not spectacular, we think that considering DBI-duals of quadratic modifications of gravity can be an interesting arena where to look for alternative explanations of such important cosmic mysteries as primordial inflation and the present cosmic speedup.
6. The next step is to solve the secular equation to determine the eigenvalues λ i of the linearization matrix at the given equilibrium pointp:
det |M (p) If all of the eigenvalues have negative real parts, the perturbations decay with τ , i. e., the equilibrium point is stable against linear perturabtions. The corresponding equilibrium point is said to be a future attractor. If at least one of the eigenvalues has positive real part, the perturbations grow with τ so that these are not stable in the direction spanned by the given eigenvalue. Hence the point is said to be a saddle. The perturbations around a given equilibrium point are unstable, in other words the point is a past attractor (a source point in the phase space), if all of the eigenvalues have positive real parts. Points whose linearization is characterized by complex eigenvalues are said to be spiral equilibrium points, and are commonly associated with oscillatory behavior of the corresponding solution. If at least one of the eigenvalues has a vanishing real part, the equilibrium point is said to be non-hyperbolic. In the latter case, in general, and unless some of the non-vanishing real parts of the eigenvalues are of opposite sign, one can not give conclusive arguments on the stability of the equilibrium point. Other techniques have to be applied.
